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Abstract. In this paper, we prove the existence of an ancient solution to the 
Ricci flow whose limit at t = — oo is the Euclidean Schwarzschild metric. 



1. Introduction 

In this paper, we consider the Euclidean Schwarzschild metric which is defined 
on M = [0,4tt] x (l,oo) x S 2 : 

.go = (1 - r-^dt 2 + (1 - r-^dr 2 + r 2 dQ 2 . 

This metric is obtained from the Schwarzschild metric [10] by changing the time 
coordinate into r = —it and taking black- hole mass to be \. We also have t is 
periodic with period Air. Therefore, this manifold is diffeomorphic to S 1 x R 1 x S 2 
and its metric is asymptotic to the flat metric on S 1 x M 3 as r — > oo, see [4], [7]. 

Since go is a Ricci flat metric (cf. section 2), it is a solution of the vacuum 
Einstein equation Rij — \gijR = and go can be regarded as a critial point of the 
Einstcin-Hilbert action 



S(g) = --!- / R^jdtdrdn, 
2k J 



where R is the scalar curvature of g and k is a constant. This metric is unstable, 
i.e. the bilinear form 

d d 

B[h,k] = — — S(g + sh + tk)\ s = t = 
os ot 

which is defined on (Sym 2 (T* M)) x (Sym 2 (T* M)) is not positive semi- 
definite. Here C x '(Sym 2 (T*M)) is the set of symmetric C°° 2-tensors \h\ such 
that \h\ uniformly as r — ¥ 1 and r — ¥ oo. This means there exists h such that 
B[h,h] < 0. 

In [4], Allen argued the instability of go by showing that there exist a negative 
eigenvalue A and a corresponding eigenvector h € (Sym 2 (T* M)) which satisfy 

(1.1) —(2Ric(g + 5h))\s =Q = \h. 

This implies that B[h, h] < by computing second variation of S directly. However, 
[4] doesn't provide a rigorous proof to show the existence of h, so we shall give a 
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proof in this paper. 

The existence of h tells us how to evolve the Euclidean Schwarzschild metric to 
an ancient solution of Ricci flow. Roughly speaking, by equation (jl.ip . we have 
—2Ric(go + Sh) = —\5h + o(S). So if we take S = e~ xt , we will have 
d 

— (go + 5h) = -Xdh = -2Ric(g + Sh) + o{5). 
This means that (go + 5h) gives us the first order approximation of a Ricci flow. 

The main purpose of this paper is to find an ancient solution of Ricci flow g with 
g(x, — oo) = go and g(x, t) will flow along the direction given by h when t tends to 
— oo. 

Main Theorem 1.1. There exist N 6 K and an ancient solution g satisfying 
d 

—g(x,t) = —2Ric(x,t) for all x £ M and t £ (— oo, N], 

g(x,i) — ¥ go(x) uniformly as t — > — oo. 
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2. Basic Computations: 

Let (M,go) be the Euclidean Schwarzschild metric. In this section, we compute 
its Christoffel symbols and curvature tensors. We have: 



r, 



i(i--')i = =^,rS 1 = i(i-,-')- 1 - 1 



and 



oo- y ' ) r 2 ~ 2r 2 >±oi- 2 \± ' ) r 2 ~ 2(i_ r -i)r 2 

r l _ ~ 1 r 2 _ 1 r 3 _ 1 

11 ~~ o?i -1\ 2 ' 12 — _ ' 1 13 — ~~ 

2(1 — r 1 )r z r r 

1*2 = ^(1 - r- 1 )(2r) = -(1 - r->, I*, - cot 9 
Y\ 3 = -(1 - r -1 )rsin 2 0, T 2 33 = -sin6>cos6> 

Rowi = r~ 3 , ^0202 = -^(1 - r" 1 )^ 1 



#0303 = -^(l-r-^r-Wfl, R 12 



2 v- ■ /• , -x,l2 2(1 - r- 1 



r 



1 • 2 a d :„2, 



•R1313 = -777; TT" sin 9, i?2323 = r sin 

2(1 — r L )r 



and 



%=0 Vi,i = 0,l,2,3. 
It is well known that this metric has a bounded Riemannian curvature, that is 

I £ g ap g lS g^g vi R ai x,R 0S ^\^\Rm\ 2 <C 



AN ANCIENT SOLUTION OF THE RICCI FLOW IN DIMENSION 4 



3 



Here we have: J2 aM ,X,^ 3 a W M S^a 7 A,iW = Eij ^9^9" 9 n 'RijijRijij 
(We use summation convention in all following paragraphs). Actually, we have a 
stronger conclusion: Observing that l-Ry^l = C r_3 .9ii5jji so all sectional curvatures 
satisfy the inequality \K^\ < r~ 3 . Moreover, if h = h 00 dt 2 + hndr 2 + h 2 2<l6 2 + 
h 33 d(p 2 is a 2-tensor, we have 

(2.1) R^h lt h n < \[r-\9 ll ?hl + r- 3 (g») 2 hl] < r~ 3 \h\ 2 . 

Remark 2.1. Sometime we change our coordinate by taking p 2 = (1 - r _1 ), p £ 
(0, 1). In the new coordinate 

= P" dt2 + I (l-p2)2 ^ 2 + ( 1 _ 1 p2) 2 ^ 2 - 

This coordinate has several advantages. First of all, g a p are finite near p — locus. 
Secondly, we have our M is a punctured disk S 1 x (0, 1) times a S 2 now (That 
is, r = 1 locus will be a point). To avoid confusion, we call this coordinate the 
p-coordinate. 

3. Eigenvectors with Negative Eigenvalues: 

In this section, we prove the existence of solution of a modified equation (equation 
)• 



3.1. Ricci-de Turck flows and modified eigenvectors: Recall that we want to 
prove the existence of h which satisfies 

— (-2Ric(g +8h))\ s=0 =-Xh. 
The left hand side of this equation can be expressed as 

(3.1) [A L h) kl + VfeV/ff + V fc (C^); + V;(C%- 

where H is the trace of h, (C^)fc is defined by —g l ^\7ihj k and the Lichnerowicz 
Laplacian is defined by 

(A L h)j k = Ahj k + 2R rp k h rp — g P9 R 3p h qk — g pq R kp h 3q , 

see [3]. So our equation becomes 

(3.2) (A L h) kl + V k V t H + V fe (C/i)/ + V ; (C^)fe = -Afc w . 

Ideally, we want to use variational approach to obtain a solution h. This means 
we need to find a functional 

a: C^(Sym 2 (T*M)) -> K 

such that the minimizer of a over C§°(Sym 2 (T* M)) n {\\h\\ = 1} will satisfy the 
Euler-Lagrange equation (A L h) k i + V k ViH + Vk(£h)i + Vi((h)k = -Xhki- Unfor- 
tunately, we don't know how to find this a. 

However, if we consider a simpler equation 

(3.3) {A L h) kl = -Xh k i, 

we know how to define a functional a whose Euler-Lagrange equation is p.3[) (the 
formula of a will appear in the next subsection). Moreover, equations (|3.3[) and 
are related. The relation between these two equations can be explained by de 
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Turck's argument [5]. In following paragraphs, we show how to connect these two 
equation by de Turck's method. 

Here we follow notations of section 1. We claim the following statement: sup- 
pose that we have an ancient solution of Ricci flow g(x,t), which is defined on 
M x (-co, N] for some N £ E, such that after changing the time variable by taking 
t = -\ log(<5) we have g(x, S) = go + Sh + o(5). Then there exist a family of diffeo- 
morphisms ips : M — > M, ipo — id such that if we write g = ip* s (g) = go + Sh + o(5), 
h will satisfy equation (|3.3[) . Conversely, if we have a h satisfying (|3.3p and a 
9 = f%i.9) = -9o + $h + o(8) which is a Ricci-de Turck flow, then we can find a h 
satisfying (13.2[) and a Ricci flow g by constructing a family of diffeomorphisms. 

For this family of diffeomorphisms ips : M M, we define y(x, S) — ips(x). The 
Ricci flow equation implies 

d 



01 



gij = -m,, ■ v,i , • v,r, 



where Vi = ^^g ik 



Following the idea of de Turck, we need to find a y which is governed by 

dy a dy a 
dt dx k 



( 3 - 4 ) -dT-Qx^ 9 Vil- T fl) 

(3.5) lim y a (x 7 t) = x a 

t— > — CO 

where are the Christoffel symbols of go- Since the difference between two con- 
nections is a tensor, we have A k - { = (rjjj — Tj t ) is a (2,1) -tensor. So the equation 



(|3.4[) is coordinate free. Equation (J3T4J) is not a standard initial value problem of 
first order PDEs, but we can still prove that the solution exists in our case. We 
will show the existence of solution in section 6.2. 

Now we suppose that y exists for t G (— oo, N], then V% — gik9 nl (^nl — T^)- 
Therefore, we have 



which will equal 



Notice that 



d d 
-^Vi\ s= o = gik9 n (^r„;)|,5 = o 



Here we can get 



d 1 

— T n[ \g=o = -^g kP {^nh p l + Vlh np — Vph n l)\5=Q' 



So 



9ik9 n \^f k nl )\ s=0 = ^ 9 nl (V n h u + Vth ni - Vih nl )\ s = = \[-2{Ch)i - V l H] 
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which implies 

Vi(^)U=o = -Vi(C/i)i - IVjViH. 

Similarly, we have 

Vi(J^)l*=o = -Vi(Cfe)j - 

These show that we can use de Turck's method to eliminate V k^iH + S7k(Ch)i + 
V;(C/i)fc. Therefore, h is a eigenvector of the Linchnerowicz Laplacian 

{A L h) k i = -Xhki- 

We will only focus on equation Q3.3P in this paper. For convenience, we replace 
h by h in following paragraphs. 

3.2. Existence of modified eigenvector: In this section, we prove the existence 
of h in (|3.3[) . First of all, since go is a Ricci flat metric, we can simplify (A^h) as 
follows 

{A L h) M = Ah u + 2i?7> rp . 
Now, if we define a functional a by 

(3.6) a(fc)= / |V/i| 2 - 2R a ^ v h aP h^, 

J M 

equation p.3[) will be the variational equation for p.6[) . Our goal is finding the 
minimizer of this functional. Here we set up some notations. 

Notations 1 : In this article, the integration uses the following simplified notation 

I f = I fVgodt A dr A dfl. 
Jm Jm 

Here / is a function. Also, sometime we use g to denote go because the lower 
may be cumbersome when we have some other indices. 

Definition 3.1. We use C°°(Sym 2 (T*M)) and C™(Sym 2 (T*M)) to denote the 
space of symmetric smooth 2-tensors and the space of compactly supported sym- 
metric smooth 2-tensors. Let \h\ = \g ij g kj h ik h i\? for any h € C oc '{Sym 2 (T*M)). 
Also, we define |V/i| = \g 1 ^ g kl g pq V p hikVqhji\i . We will also use the following 
weighted norms = (J M |V/ l | 2 )l + (J M r- 2 \h\ 2 )^ and = (J M r" 2 |/j| 2 )i 

Here we choose the function space. First we notice that M ~ 1 x S 2 , We 
let SO(3) be the rotation group acting on S 2 part. We can only choose those 2- 
tensors which are invariant under this action. That means we choose all h such 
that g*(h) = h for all g S SO(3). We call a tensor is radially symmetric if it 
satisfies this property. Moreover, we have a(g*(/i)) = a(/i) for all g G SO(3). Now, 
because our metric go is radially symmetric, by [9], we can see that the critical 
point (minimizer) will be radially symmetric, too. 

Definition 3.2. We define space H 1 as 

H 1 = closure of {h g C™(Sym 2 (T* M )| h is radially symmetric and \\h\\ M i < 00}. 
We also write the L 2 -norm of h as \\h\\ 2 — (J M \h\ 2 )^ . 
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Before we start our proof of the existence, we need some lemmas. We make some 
remarks here. First of all, we consider H -norm under p-coordinate. In this case, 
the H^-norm controls the integral J M |Vft| 2 . Assuming that ft is radially symmetric 
(and recall that ^/go = 0(p) near p = 0), the boundedness of J M |Vft| 2 near p = 

implies the boundedness of J Q 2 (-^\h\) 2 pdp. Since there is a weighted function p in 

our integral, we cannot apply Sobolev embedding directly and get |ft| € C '^. 

However, if we have a sequence of radially symmetric 2-tensors 
h (z) e C™(Sym 2 (T*M)),z e N 

which are uniformly H 1 -bounded, then (Jq (^\h (z ^\) 2 yfgodp)? + (f^ \h^ \ 2 ^/godp)^ 
are uniformly bounded. So we can find a subsequence of {h^} and ft. G H 1 such 

that (J 2 (|ft/ z '| — \h\) 2 y/godp)^ — > 0. Therefore we have the following lemma. Notice 
that r = | when p = -| 

Lemma 3.3. Lei {ftW e C™(Sym 2 (T*M)), z e N} be a sequence of radially 
symmetric 2-tensors satisfying ||ft( z )|| H i < C. We also define Mi — M n {r < |}. 
Then we can find ft, G H 1 such that 

(3.7) / (\h^\-\h\) 2 ^0 

J Mi 

fflSZ^OO. 

Next, we prove a Hardy type inequality. 

Lemma 3.4. Let h e (Sym 2 (T* M)) be a radially symmetric 2-tensor. Then 
we have 

Wf_ 

M JM r 

Proof. First, we change our coordinate by taking p 2 = (1 — r _1 ), p e (0,1). We 
have 

go = p 2 dt 2 + i (1 _ p2)2 rfp 2 + (1 _ p2)2 ^ 2 
So we have dVoZ = w 2 2 (i-p>yi dt A dp A dQ where W2 is the area of S 2 . 

Therefore r -1 = (1 — p 2 ). We have 



(3.8) / |Vft| 2 > / 

JM J A 



JM r J A 



2 V 

M ./M 



|ft| 2 (l-p 2 ) 2 = / \h\* dUvKl 



= I \h\ 2 d p {--\og(l-p 2 ))dtdpdtt 
jm 4 

= / (Vift,ft)ilog(l -p 2 )dtdpdn 
Jm 2 

^ / mihi ^f-^ dtdpdn. 

JM 4 (1 — p ) 



Now we notice that 



i|log(l- P 2 )|< ' 



4' bv K/| -2(l-p 2 ) 
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when p £ (0, 1). So we have 

mih ^^'f^ dtdpdsi 

M 4 U — P ) 

<(/ m 2 )H[ \h\\i~ P *f)h. 

Jm Jm 

This completes our proof. □ 

Now, we can start to prove the solution of equation (|3.3[) exists by finding a 
minimizcr. 

Theorem 3.5. 

a. The functional a defined by US. 6]) has a minimizer on the set 

H 1 n{||/i|| 2 = i}. 

b. We can write the minimizer as 

h = h()dt 2 + h\dr 2 + /i 2 <iil 2 ; where ho, hi, hi are function depending on r 
only. 

Before we prove this theorem, we prove the following lemma. 

Lemma 3.6. There is a h ei 1 such that a(/i) < 0. 

Proof. First of all, we define h € C°° (Sym 2 {T* M)) as follows 

ha = 9ii if t = 0, 1 
= -gu if i = 2, 3 

We can compute the covarient derivatives of h and get 

V 2 ft-i2 = V 2 /»2i = 2r; 
(3.9) V3/113 =V 3 /ii3 = 2rsin 2 0; 

Vfe/iij = otherwise. 

Now we define h = rj(r)h, where r\ is a piecewise smooth, radially symmetric func- 
tion defined as follows 

r)(r) — n(r — 1) for r £ [1. 1 H — ); 

n 

= 1 for re [1 + -,V2); 

n 

— e^e~% r for r £ [V2, oo) 
where n > will be determined later. Then we have 



a(ft)= / \\7h\ 2 -2[ h" ! "h„'h u 
Jm Jm 



(vTigoY'lhl 2 + / n 2 \Vh\ 2 -2 tfRWhuhj 
m Jm Jm 



/oo />oc /*OG 

rfil-r^dr + A J {rff {I - r'^dr - l& J rfr^dr] 



= 47rw 2 [16 y r/ 2 dr + 4 / (r/) 2 (l - r^dr - 32 / rfr^dr] 
where u> 2 is the area of S 2 . 
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Let I\ = [1, 1 + i), I<i = [1+^3 v2) and I 3 = [y2, oo). We can rewrite integrals 
on the right hand side of the previous equation as 

16/ ?y 2 dr + 4 / (r/) 2 (l-r- 1 )dr-32 / rfr^dr 



= + + 16 V 2 dr+ + 4(r/) 2 (l - r" 1 )^ - 32 V 2 r - 1 dr 

Jl± Jl 2 Jl 3 Jli Jl 3 Jli JI2 Jh 

:=J X + J 2 + J 3 + J 4 + h + J& + J7 + Js- 



We prove that Ji + J2 + J3 + J4 + J5 + Je + J7 + Js < 0. First, because r < 2 



■ ./,-( -r •' 1 -r •/.-, -r •/«; -r -'7 ■'>• = >». 1 u»i. mviiiuH' r 1 *" 1 

for all r £ [1,V2], we have 

(3.10) Ji + J 6 < 0. 
Next, since 7?(r) = 1 for all r £ I2, we have 

J 2 = / 16dr = 16(V2 - 1 - -). 
Jh n 

Now we consider J7. Again, because rj(r) = 1 on I2, we have 

/" 1 32 1 

J 7 = - 32r- 1 dr--32(log(\/2)-log(l + -)) < -— -(^2 - 1 - -). 
7/ 2 n (V2) n 

We consider J 4 . Since rf(r) — n for all r £ I\ and 1 — r -1 < r — 1, we have 

J 4 = 4n 2 / (1 - r^)dr < 4n 2 / (r - l)dr < 2. 
Jit Jh 

Therefore we have 

1 32 1 

J2 + J4 + Jt < 16(V2 - 1 - -) + 2 - -^-(V2 - 1 - -) 

n (V2) n 

32 1 
= (16-— =-)(v / 2-l--) + 2 
(V2) n 

(16 — ^|y)( v / 2 — 1) « —2.7451.... If we take n sufficient large, we will have 

(3.11) J 2 + Ja + Ji < -0.7 
Finally, we prove J3 + J5 + Js < 0.7. Since 

J 3 + J 5 + Js 

pOO pOO cy pOO 

=e 3 [16 / e-^ r dr + A (-) 2 e~^(i - r~ l )dr - 32 / e'^r^dr] 

JV2 JV2 3 ./\/2 

=e 4 ^[16(- + l) / e-3 r dr - 16(- + 2) / e^^r^dr] 
9 JV2 9 JV2 

f^e~ : 5 r r~ 1 dr R3 0.05734... and e 1 ^ « 6.5903.... Therefore we can compute 

(3.12) J 3 + J 5 + J S < 0.5694... 
By (|3~TU| . ([3~TT|) and (|3~T2l) . we have 

Ji + J 2 + ... + J 8 < -0.1. 
This implies a(/i) < 0. □ 
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Proof, (of Theorem 3.5) Part a: By (J2J}, we have a(h) > -2\\h\\ 2 = -2 for all 
h e H 1 n {\\h\\2 = 1}. So we can find a minimizing sequence {h^} z£ ^: 

lim a(h^) = min a(h). 

n-voo /iGH 1 n{||ft|| 2 = l} 

By lemma 3.6, we can assume that a(h^) < for all z. Recall that \Riji 3 \ < 
r~ 3 gugjj. We then have 

0>a(fcM)> / iV^^-r-W^^ 

JAf JM 

> / \Vh^\ 2 -2 f r- 3 |^)| 2 

J M JM 

That is 

(3.13) ||V^|| 2 <2||^)|| H o, 

Here ||/i (z) |j H o < ||/i (z) || 2 = 1 for all z. By (j3~T3| . we get ||/i (z) || H i < 3 so ||/i (z) || H i 
is bounded. Therefore there is a weak limit 

in H 1 satisfying liminf^oo ||/i( z )||]H[i > H/iHh 1 - Also, for any compact set fl C M, 
the boundedness of ||^ z -'||h 1 ;Q implies that there is a strongly convergent subse- 
quence in L 2 (fl). Combining with lemma 3.3, we have 

/ l^l 2 ^/ \h\ 2 

J Mr J Mr 

and 

(3.14) f R km h^ k h\? -> / fl"*/^,, 

for all R > 1 as z tends to infinity. Also, we can easily get \\h\\2 < 1. 
Now fix e > 0, using the fact lim inf z _>.oo H/i^Hh 1 > II^IIh 1 , we have 
/ \Vh^\ 2 + [ r- 2 \h^\ 2 +s> f \Vh\ 2 + [ r- 2 \h\ 2 

JM JM JM JM 

for all sufficient large z. Since \\h\\i < ||ft (z) || 2 = 1, we can choose Mr = M n {r < 
R} with R sufficient large such that J M _ M r~ 2 \h^\ 2 < R~ 2 \\h^\\l < e and 
Im-Mr r~ 2 \h\ 2 < R- 2 \\h\\ 2 < e for all i. So 

/ |V^| 2 + f r- 2 \h^\ 2 + 3e> f |V/f + f r- 2 \h\ 2 

JM JMr JM JMr 

This implies 

liminf / |Vft (z) | 2 + 3e> / |V/i| 2 . 

z ^°° Ja/ ./m 

Because e is arbitrary, liminf^oo J M \Vh^ \ 2 > J M \Vh\ 2 . By (3.14), we get 
a(h) < lim z ^ oc a(ft( z )). 



10 



RYOSUKE TAKAHASHI 



Next, we will show that h is not zero. Here we use the Hardy type inequality 
()3.8|) . We can assume that there exists e > such that 

-e>a(h^)> [ |V/i (2) | 2 -2 f r- 3 \h^\ 2 

for all sufficient large z. By (13.81) . 

/ |V/i^| 2 -2/ r-*\h^\ 2 >( r- 2 \h^\ 2 -2[ r^h^] 2 
Jm Jm Jm Jm 

This implies that 

/ (2r- 3 -r- 2 )|^)| 2 >e 
Jm 

Consider the positive part of left hand side, i.e. {r < 2} n M = S. We have 

3 / \h (z) \ 2 >e 
Js 

for large z. Taking limit we get ||/i||2 > f • Therefore if we set h = jmrj) we will 

have a(h) < a(h) < a(h^). To make our notation simple, we replace the notation 
h by h, which is the minimizer we found. 

Part b: First of all, notice that we can write h — h^dx 1 <g> dx 3 , with x° = t, 
x 1 = r, x 2 = 6, x 3 = ip. According to our computations of the curvature in section 
2, the negative term of a(h) is contributed only by the diagonal part of h (We have 
only one coordinate chart, so diag{h) makes no confusion). Therefore we have 

> a(h) > a(diag(h))\ 
\\hh > \\diag(h)\\ 2 . 

So h is a minimizer iff h — diag(h). Next, we prove that ha, Vi, are independent 
of t. This is also easy to see. We prove this by contradiction. If not, we can choose 
to £ [0, 47r] such that it minimizes 

S(t) = f \Vh\ 2 - m^h^h^rdrdSl. 

JMn{t=T} 

We define h* = h(to). Because there h doesn't change along the t direction, we 
have |V/i*| < |V/i|. So 

a(h*) < a(h). 

"=" iff hn are independent of t. 

Combining these two facts and h is radially symmetric, we prove part b. □ 

4. Short-Time Existence 

4.1. Estimate of \h\ and |V/i|. In the previous section, we prove that there is 
h e H 1 such that A^/i = — Xh and h is radially symmetric. Using the Sobolev 
inequalities, we will prove that h € C 0, 2(ri) for any compact subset ft C M. Using 
ideas introduced by Schauder, we will then prove further regularity property of h 
locally (Since A L h = -Xh is a elliptic PDE and h £ C ^ (O), we have h g C 2 ^ (fi). 
Repeating this process, we will prove that h g C°°(57)). Notice that, even though h 
is obtained by taking a weak limit of a sequence of compactly supported 2-tensors, 
it doesn't indicate that \h\ will vanish as r — !• 1 and r —> oo. We will show in this 
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section that such is indeed the case. 

Here we start with estimates of h. We generalize our arguments a little bit such 
that we can apply these arguments in next section. 

Definition 4.1. Let = \\ k h + ||Vfe|| 2 and ||fc|| W 2, 2 = ||fe|| 2 + ||Vfc|| 2 + 

|| VVA;|| 2 for all k e C^(Sym 2 (T*M)), Here we define 

|VVfc| 2 = ,g Q,9 5 7 YV C V Q V 7 fc A „V^V^ K 

and||VVfc|| 2 = (f M |VVAf)i 

Proposition 4.2. Let k G (Sym 2 (T* M)) be a radially symmetric 2-tensor. 
Suppose |fc|, |V/c| and |VVfc| are L 2 functions. Then 

(4.1) \k\<C\\k\\ w i,2 7 

(4.2) |Vfc| < C\\k\\ W 2.2 

for some universal constant C (When we use the term "universal constant", it 
means a constant that depends only on go). 

Proof. We use p-coordinate as we did in lemma 3.5 and use the divergence theorem. 
We define Y = \k\(g n )^di. Then if we set M x = M n{p<i},i<iwe have 

(4.3) / div(Y) = I i Y Vol, 
where 

div(Y) = V^F 1 ) = (VilTO 11 )* + IfcpV^Cg 11 )^!) 1 
<i|fc|^(Vifc,fc)(5 n )5 <i|VA| 
So the left hand side of (I4.3P is smaller than 

\ \ |VA|<5(/ |Vfc| 2 )^(/ 1)* < C\Vkhx. 
Now consider the right hand side, we have 

i Y Voi\ - 1 / |fc| p dun - [ \k\ p dtdn\ 

X 

= 4ttw27^ i^>\H( x ) > C4mo 2 x\k\(x) 

(1 — x z ) z 

where u>2 is the area of S 2 . So (4.1) is valid when p < i. 

Whcnp > i, we consider Y — \k\ 2 g n di and M x — MC\{p > x}. Use the similar 
argument, we have 

div(Y) < f |Vfc| 2 + \k\ 2 . 

M x J M x 

Here we claim that liminf p _>i (i_ p 2y2 — 0. If not, we will have |fc| 2 > c(l — p 2 ) 2 

for some positive c. That means J M \ k\ 2 = j M (l — p 2 ) 2 = oo, which is a contradic- 
tion. 



12 



RYOSUKE TAKAHASHI 



Therefore we have 

lyVol = — C 

dM* 



So we get (4.1). □ 

To prove the second inequality, We use the similar argument as about by replac- 
ing k by Vk. 



Remark 4.3. Using the p-coordinate, since goo = P 2 , we have /i ' is bounded near 
p = 0. (That is, near r = 1.) 

We can apply this proposition to our h. 

Corollary 4.4. Let h be the eigenvector provided by theorem 3.5. Then there exist 
d, C 2 (A),C 3 (A) > such that 

(4.4) \h\ < Ci, 

(4.5) \Vh\ < C 2 , 

(4.6) |VV/i|, |V (3) /i| < C 3 . 
where C2, C3 depends on A and Ci is universal. 

Proof. We apply proposition 4.2. Notice that ||/i|j 2 = 1 and ||V/i||2 < 1, so 
we get the first inequality. Moreover, since equation (|3.3p tell us that | VV/?,| 
can be controlled by \h\ (Here we use the fact that h is radially symmetric), so 
||VV/i||2 < C 2 (A). We can get the second inequality. 

Since h is radially symmetric, |VV/i| can be controlled by (A^/i). Similarly, 
|V( 3 )/i| can be controlled by V(A^ft,). Now apply (4.4) and (4.5) in equation 
(A L h) = -Xh and V(A L /i) = -XVh. We get (4.6). □ 

4.2. Vanishing of h at infinity. We can improve our estimate near p = and p = 
1. First of all, because h is radially symmetric, the equation V^^A^/i) = — AV^ft. 
tells us that |V (/+2 )/i| is I? bounded if |V^/i| is L 2 bounded. So by induction, 
we have |V®/i| is L 2 bounded for all I which implies ||fe||v^i+i,2 < Ci^\ for some 
constant C^x depending on I and A. Notice that, if we replace Y by |VO/i|(<7 n ) ?d\ 
in equation (|4.3j) and follow the argument of proposition 4.2, we will get 

|v (i) fc| < apii^+1,2. 

Now, because ||fe||^i+i,2 < Ci^\, corollary 4.3 can be generalized such that 



A 



for some constant Ci t \ depending on / and A. 

Proposition 4.5. Let h be the eigenvector provided by theorem 3.5, we have 
(4.7) |VWft|(p) < C ltX p. 

for p < I and a constant Ci^\ depending only on I and A. Therefore, |V^/i| - 
as p — > 0. 
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Proof. We use equation (|4.3p in proposition 4.2 again. Since 

\Vh\(p) < C\\h\\w*,>, 

we have 

\ I |Vft| < \\\h\\ w ^ I 1 < 

by taking x = (1 — p 2 )^ 1 for p < |. This gives us the estimate on the left hand 
sideofgSl)- 

Since we already know that the right hand side of (4.3) can be expressed as 
P(j^)\h\(p), we have 

\h\( P ) < C\\h\\ W 2,2 P . 

To get the estimate of |V (i) /z| for I > 1, we replace Y by \V^h\(g n )^di in (|4~3]) 
and follow the the same argument. Then we can get this result. □ 

We finish this subsection by giving a similar estimate of | h | near p = 1 . 
Proposition 4.6. Let h be the eigenvector provided by theorem 3.5, we have 

\V (l) h\(p) <Q^-P 2 ) 
for p > i and a constant Ci \ depending only on / and A. Therefore we have 
|V®/i| asp-> 1. 

Proof. We can prove this estimate by using the argument of proposition 4.2. Recall 
that: when a; > ^, we use divergence theorem by taking Y — Ik^g^di and M x = 
M n {p > x}. We will have 

|fc| l 2 < 1 / div(Y)\<[ iVfcp + lfcl 2 . 



(1 - x 2 



So we have \k\(p) < C\\k\\ w i.2(l - p 2 ). 

For Z > 1, we replace Y by | V^-'fcl 2 ^ 11 ^ and follow the the same argument. □ 

4.3. Short-time existence. Now we can prove the short-time existence theorem. 
Our proof is based on work of Shi [1]. Here we quote two theorems given by Shi. 

Theorem 4.7. Let (M n 7 g) be a complete noncompact manifold with \Rm(g)\ < 
kg < oo, then there exists a constant T(n, ko) > such that the Ricci flow equation 

d 

■^gij(x,t) = -2R VJ { Xl t) xeM; 

gij(x,i)) = g(x) x G M 

has a smooth solution on < t < T(n, ko). 

We have a similar result for Ricci-de Turck flows which is also given by Shi [1]. 

Theorem 4.8. Let (M n ,g) be a complete noncompact manifold with \Rm(g)\ < 
fco < oo, then there exists a constant T(n,ko) > such that the Ricci-de Turck flow 
equation 

^gij(x,t) = -2R l3 (x,t) + ViVj + VjVi x e M; 
gij (x,0)=g(x) x e M 
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where Vi = gikg pl (^pi — f 1 ^), has a smooth solution on < t < T(n, ko). 

Using this result, we get 

Theorem 4.9. Let (M,g ) be the Euclidean Schwarzs child metric, h be the eigen- 
vector (2-tensor) obtained from theorem 3.5 ande > 0. The Ricci-de Turck equation 

-g l3 = -2R ll+ V^ +V^ £) 
g(x,0) = (go + eh) 

where = g^g^iT^ — Tpt^), has a solution for short-time when e is small 

enough. 

Proof. Since we have the boundedness of \V^h\ for m = 0, 1, 2, 3 by corollary 4.4, 
we can prove this theorem by applying Shi's result directly. □ 

Remark 4.10. We can prove that g is diagonal and radially symmetric by following 
Shi's argument carefully. In [1], Shi proves the existence of solutions by solving 
the Dirichlet problems on each fl, C M, i € N, where Di are compact subsets and 
UDi = M. We use p-coordinate in our case, we choose a sequences such that Si j" 1 
as i — > oo. Now if wc define Di — M n {p < Si}, g will be a limit of a sequence of 
2-tensors gi with each satisfies Ricci-de Turck equation on Di and \gi — (go + eh)\ 
vanished on the boundary of Di. Since the initial metric is diagonal and radially 
symmetric and Di are radially symmetric, we have gt are diagonal and radially 
symmetric. This implies g is diagonal and radially symmetric. 

Remark 4.11. By choosing Di as above, since g is the limit of a sequence {g{\ where 
\g% — {go + eh)\ vanished on the boundary of D i} we can prove that our solution g 
actually satisfies \g — (go + eh)\ — > as r — >• 1. In the next section, we will prove 
that \g — (go + eh)\ — > as r — > oo by using the comparison theorem. 

Remark 4.12. If we compute the curvature Rijij(go + eh) directly, we will have 
\Rijij(go + sh) — Rijij(g )\ < Ce. 

We have the following proposition: 

Proposition 4.13. Let k E (Sym 2 : (T* M)) be a radially symmetric 2-tensor 
which satisfies 

(4.8) |V (m) fc| <£ for m = 0,1,2,3; 

for some e > 0. Then there is universal constants C > and N > such that 

|%j(So + k)- Rijij(go)\ < Ce 

provided e < N. 

5. Long-Time Existence: 

To prove the long-time existence, first we notice that if the initial curvature 
\R m (§)\ < k 0} then there is a Ricci-de Turck flow g defined on M x [0,T] where 
T depends only on fc . Now we check whether \Rm(g(T))\ < k or not. If 
\Rm(T)\ < ko, we will prove that g can be extended to 2T. Then we check the 
validity of \Rm(g(2T))\ < fc . If \Rm(g(2T))\ < ko, we will prove that g can be 
extended to 3T. Continue this process, we can prove that the time interval can be 
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extended to be large as desired if we have some control of \Rm(g)\(t). 

We start with several definitions. 

5.1. Estimate cones: In this subsection, we define a special set called the estimate 
cone. We can see in the following sections that the Ricci-de Turck flow with initial 
value in an estimate cone will stay in it. Moreover, the structure of this cone will 
help us to find a convergent subsequence of Ricci-de Turck flows in the next section. 

Definition 5.1. Let E be a Banach space and h € E. A cone along h with opening 
M is the set 

C h , M = WeE\ inf fcM<M} 
5eK+u{o} 8 

We also denote the translation of this cone Ch,M(f) — Ch,m + f and call h the axis 
of this cone. 

Now we define E. Let k € C§° (Sym 2 T* M) such that k is radially symmetric 
and diagonal. We consider the estimate cone under the following norm: 

\\k\\ wl , 2 = \\k\\ 2 + \\Vk\\ 2 

Then we define our function space as 

Definition 5.2. We define H = closure of {k e Cg° (Sym 2 (T* M))\ \\k\\ w i,2 < 
oo and k is symmetric and diagonal} 

Also, we change our time variable. 

Definition 5.3. We define 5(t) to be e~ xt for all t € R. 

Now we set our axis h to be the eigenvector which is given by theorem 3.5 and 
change our time variable by 8 — e~ xt . We are interested in those ip <E Ch,Af(go)- 

5.2. Shi's estimates. Based on theorem 2.5 in Shi's paper and his argument, we 
have the following theorems. 

Theorem 5.4. Suppose the conditions of theorem 4-8 are fulfilled. Then for any 
p > 0, there is a T(p, n, k ) > such that 

\g(x,t) -g(x)\ < p 

forxeM,0<t< T(p,n,k ). 

Shi also gave a proof of the derivative estimates. Sec [1]. 

Theorem 5.5. Let g be the solution of equation in theorem 4-9. and \Rm(g)\ < fco- 
Then there is a T(n, fco) > depends only on n and ko such that 

sup \Vg\ < c(n, k ), 

(x,t)£Mx[0,T(n,k )] 

and 

d 

sup \—g\<c(n,ko), 

(x,t)eMx[0,T(n,k o )] 01 

where c(n, k ) depends only on n and ko- 
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5.3. Evolution equations. Let C\ be the constant given in corollary 4.4 and 
p = min{|;, §£5-}- We fix a e < where A is the eigenvalue given by theorem 3.5. 
Let g be the solution of the Ricci-de Turck equation which is given by theorem 4.9 
and then shift our time by replacing t by to + 1. So we have g is a Ricci-de Turck 
flow defined on M x [t , t +T}. 

We start with the Ricci-de Turck equation. First of all, the Ricci-de Turck 
equation is given by 

d 

— gij = -2Rij + ViVj + VjVi 

= g a ^o^m ~ g ap g iP g pq R ]aq p - g afS g„g pq R ia ^ 
+ -^9 a& g m {^igp<Sjgqi3 + ^ a g^ q g%a - 2^ a g jp Vfsg iq 

- ^VjgpaV^giq - 2V i g pa V l3 g jp ) 

with initial data g — go + eh. Here we use V, V and V to denote the covariant 
derivatives with respect to g^, g^ and (go)ij- Since the metric g^ is diagonal, we 
have 

I g "/3 g pq (y \g pa \? jgq p + 2V a gj p V q gip - 2V a gj P Vpg iq 

- 2Vj5 pQ V fsg iq - 2Vig pa V pgjp) 
is equal to if i — j ^ 1 and is equal to \g kk g kk : (V 'ig k k^ \gkk) when i = j = 1. 

Now we set v(x,t) = g(x,t) — g{x) and w(x, t) — v(x,t) — (S(t) — s)h(x), where h 
is the eigenvector provided in theorem 3.5. We want to derive a evolution equation 
for w. 

First, we consider the equation for v. Since Vg = 0, we have 

d 

(5.1) -gv u = g aa V a V a v u + A H 

where An can be writen as 

-tt-ii — ^g gag ^iaia 

if i ^ 1 and 

A n = -2g aa 9ll g ll R lala + \g kk g kk {V lVkk V lVkk ) 

if i = 1. 

For (S(t) — e)h, we have 
d 

— (S(t) - e))h kk = -X6(t)h k k = {5{t) - e)(A L h) kk - Xeh kk 

= g al3 V a Ve(6(t) - e)h + 2(S(t) - e )#* k h u - \eh kk . 

Therefore, we get 
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(5.2) ^-w kk = g aa V a V a w kk + (g aa V a V a - g aa V a V a )(6(t) - e)h kk 

+ (A kk - 2{6{t) - k hii) + ^h kk . 

5.4. Vanishing of \g — g\ at infinity. In this subsection, we prove that \v\ — 
\g — g\ — > as r — » oo. We start with equation (5.1). 

d aQ - - 

777 ^ii = g V Q VaWii + An. 

at 

Using the facts that \Rm(g)\ < Cr~ 3 and proposition 4.6, we have \Rm(g) \ — > 
as r — > oo. Now, by Theorem 5.4, we have \v\, |Vu| are bounded. Therefore, v is a 
solution of the following parabolic equation 

d 1 
p ( v ) = 777^ - 5 aQ V Q V Q w 4l - -S a g kk g kk ^iv kk ^iv kk 
at 2 

+ 2g aa gii g U R iai a = 

We denote 

L'(v) = g aa V a V a v u + -8 l ig kk g kk V 1 v kk Viv kk 



and 2g aa g u g™R ima = F. 



So we can compute directly and get the evolution equation for \v\ 2 = g %3 g kl Vi k Vji: 
^\v\ 2 = 2{^- t v,v)=2{L'{v),v) 

= 2(g aa W a W a v,v) + (g 11 ) 2 g kk g kk Viv kk Viv kk vu + (F,v) 



We notice that 

2{g aa V a V a v,v) = g aa V a V a \v\ 2 - 2s" Q (V a i;, V a v). 
So by theorem 5.3, we can choose T > depending only on \Rm(g)\ such that 

(0 U )y V fc Viv fcfc Viv fcfc t;ii - 2g aa (W a v, W a v) < 
for all t € [to, to + To]. Therefore we have 

d 



dt \v\ 2 <L(\v\ 2 ) + (F,v) 



for L = g aa d a d a . 



Because v is radially symmetric (by remark 4.10), \v\ depends only on r. We can 
change the variables by taking 

(1 -r- x )5 for r < 2 
(5.3) s = I r for r > 3 

a smooth increasing function for re (2,3). 

Then L is uniformly parabolic parabolic by using this coordinate and \v\ 2 is a func- 
tion defined on (s, t) e (0, oo) x [to, to + To]. 

Since we want to the use comparison theorem, we should quote the following 
maximum principle first. The proof of this lemma follows the idea of theorem 6 in 
section 2.3 of [6]. 
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Lemma 5.6. Suppose u € C 2 (U x [0,T]) with an unbounded U C E™ is a solution 
of the following parabolic equation 

u(x, 0) > on (<9C/ x [0, T]) U ([/ x {0}) 

where a iJ are smooth, bounded functions defined onU x [0,T] and (a*- 7 ) zs uniformly 
elliptic, say A _1 |£| 2 < a ij '&£j < A|£| 2 for all £ e R". Moreover, if u satisfies 

\u\ < Ae a ^ 2 
for some constants A, a. Then we have 

max u = max u 

Ux[0,T] (dUx[0,T])u(Ux{0}) 

Proof. First of all, we assume 

AaT < A" 1 . 

So there exists e > such that 

4(a + e)(T + e) < A 

The function 



^(x, <) = //(T + e - t)-2 e 4( T+e - t ) 



satisfies 



9 r <9 2 
<9i^ ^ ^ dxidxj ^ 

.n A _1 |x| 2 i4 A" 2 ^ ijA~\ ^-"+1 A ' 1 i"i 2 , 

= - + — J 1 . - a l3 x l x 1 —— --> o"- — WT + f- * +1 e 4(T+ £ -t) 

v 2 4(T-i) J 4(T + e-i) ^ 2 ; 

>0 

for all /U > 0. 

Now, let f = u — <p. We have 

9 . . d 2 

dl V - a - M d X -dx- V - Q - 
for all (x,t) e U x [0,T]. We also have 

max f < max it. 

Ux{0} Ux{0} 

Finally, let U r = B r (0) n U. We have for all x, \x\ = r 

„ A- 1 !*! 2 

u(x, t) < u(x, t) - fi(T + e - t) 2 e MT+e) 

< Ae a ^ - fie-^e ( - a+e) ^ 2 

< 

for r large enough and all t G [0,T]. Therefore by the maximum principle on 
bounded domain [11], we have 

max v = max u. 

U r x[0,T] (dU r x[0,T])u(U r x{0}) 
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for all r large. This implies 

max v = max u. 

Ux[0,T] (dUx[0,T])u(Ux{0}) 

by taking r — > oo and /j — > 0. 

If it is not the case that 4aT < A -1 , we can apply the result above on [0,Ti], 
[Ti,2Ti],... such that 7\ < 4^-. □ 

Now we can prove our proposition 
Proposition 5.7. \v\ — > as r — »■ oo on t e [to, to + To] 
Proof. We change our coordinate by taking 
(1 -r- x )5 for r < 2 
s = < r for r > 3 

a smooth increasing function for re (2,3). 

So we can write 

L(u) = g 11 (x,t)d s d s u. 
Using the parametric method [11], we can find the fundamental solution of L, 
say $(s, £, t, r). Define 

w(*,t) = **K*»l = / / $(*,£,^)|(^»(£,t)|. 

So we have > on (<9C7 x [t , to +T Q ])U(U x {t }) and 

|l¥ = L(W) + |{F, ! ;)|. 
Since \v\ 2 = on (d£/ x [t , t + T]) U (£/ x {t }) and 

^-\ v f = L(\v\ 2 ) + (F,v), 

we have 

^(w- M 2 ) -x(vk- M 2 ) > o 

and {W — \v\ 2 ) > 0. Therefore by lemma 5.6, we have \v\ 2 < W. 

Because \ (F, v)\ is bounded and \(F, v) \ < Cs~ 3 as s — > oo (recall that \Rm(g)\ < 
CV~ 3 ), by the definition of W and the estimates of fundamental solutions [11] 

t,r)| <C(t-T)-'e^fe^, 
we can get < Cs~ 3 . So |w| 2 < Cs~ 3 which implies |w| — > as r — > oo on 

te [t , t + T ]. □ 

Remark 5.8. We notice that 

F = 2g aa gag™ R iaia = 2(g aa — g aa )gug"Riaia + 2gug"Ru 

= 29 aa 9 aav aa9ii9 lt Riaia + 2gug" Rii- 

Now we fix a t € [0,To]. By proposition 4.6, for any I e N, there exists a 
constant C; > such that |.Rij| < G'is~ l . Since we have |t>| < Cs~i, so we have 
\{F, v)\ < Cs~ 6 . This implies W < Cs~ 6 , which means \v\ < C's~ 3 . Therefore, we 
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can prove inductively that for any I E N, there exists a constant Ci > such that 
\v\ < C/s . Now we use p-coordinate, we will have \v\{p) < C;(l — p) for all I € N. 

In fact, we can prove the following lemma: 

Lemma 5.9. Let v be a solution of equation (5.1) and T be the constant given by 
proposition 5.7. Then for any t E [to,to + To] fixed, we have 

(5.4) (\V^v\V9){p,t) ^ o 

as p — > 1 for all I E N. 

For the proof of this lemma, see appendix. 

5.5. Energy estimate and improved regularity: We want to achieve two goals 
in this subsection. First, we shall prove that the Ricci-de Turck flow will stay in a 
estimate cone. Second, we want to show that the deviation of the Ricci-de Turck 
flow from initial data g will satisfy (|4.8p . All these facts rely on the energy estimate 
of parabolic PDEs. 

We use | • |o, | • |e, and | • | to denote the norms of tenser w.r.t g, g and g. Also 
we define |HI (0) = (J M |*u|gdVoj( >)* and \\w\\ { 2 £) = (J M \w\ 2 dVol^. 

Moreover, we introduce several norms for matrix valued functions on the M x 
[to,to + T]. 



Definition 5.10. Suppose that (x,t) M- k — k(x,t) defines a section over M x 
[t , t + T] of the bundle Sym 2 (T*M). We define 

W k \\L 2 ([t ,t +T];L 2 (M)) = ( J t J m \ k \o( t ) dt )^' 

ll fc llL~([ t0 , f0 +T];L 2 (M)) = SUp (/ l*lo(«)) 4 
st [to ,tQ + l J J M 

and 

iifciiSawo+x^M)) = E (PV mry {q) k\ 2 (t)dt)^ 

p<j;q<k Jf o Jm 

We can define the corresponding e-version of these norms by replacing g-norm by 
<?-norm and V by V. 

Finally, we define the following notations. 

Definition 5.11. Suppose that (x,t) H> A = A(x,t) defines a section over M x 
[s, s'] of the bundle Sym 2 (T*M) for some closed interval [s, s'] E (— oo, 0] and n E N. 
We denote A = 0(5 n ) iff |^4|(<) < C8 n (t) for some universal constant C and all 
t E [s,s']. 

Now we can prove the following theorem. 

Theorem 5.12. There are universal constants T > 0, C'o > and i > such that 
if we fix e < l and T <T , then 

Hlf (*), II VHlf (*) < CoT^e + eS(t) + 5{tf + s 2 ) 
for allte [t ,t +T]. 
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Proof. First, by remark 4.12, we can choose t small such that \Rm(g)\ e < 2|i?m(go)| 
for all e < i. Now take p = min{^, g^r-} and fco = 3\Rm(go)\ in theorem 5.4, we 
will have fco) such that 

\g(x,t) -g\ e <p 

for all t G [to, to +Ti\. Here we do some estimates of \g — g\ e and \g — g\o, which can 
help us understand the different between norms | • |, | • |o and | • | e . We first notice 
that our solution g is defined on a small interval [to, to + Ti] such that \g — g\ e < \, 
Secondly, recall that we have estimate (4.4) and p < g^-. Combining all these 
estimates, we have \g — g\o < \- Therefore, all these norms are equivalent. 

By theorem 5.5, there exists T^fco) such that sup Mx [ to ,t +T 2 (k )] — C(ko) 
and sup Mx[to j o+T2(fco)] \d t g\ < C(fc ). We can also find a T 3 (fc ) which is given by 
theorem 4.9. which is the length of the time interval of the existence. 

Finally, we take To as the one in proposition 5.7. We set T — min{To, Ti, T2, T3}. 
Now we fix a T < T. 

Equation (5.2) tells us that 

^-w kk = g aa V a V a w kk + {g aa V a V a - g 11 i7 1 i7 1 )(5(t) ~ e)h kk 

+ (A kk - 2(6(t) - e)i?Y k hu) - Xeh kk 

for fc = 0,1,2,3. If we set B kk = {g aa V a V a ~ g aa V Q V a )8h and C kk = (A kk - 
2(S(t) — e)R l k k hii), we can write this equation as 

d - - 

(5.5) ^-w kk = g aa S7 a \7 a w kk + B kk + C kk - Xeh kk . 

ot 

We will estimate each term of equation (|5.5p in the following paragraphs. 

Here we start with proving ||-Bfefc||2 — C(eS(i) + e 2 ). Since we have 
g aa V a V a (S(t) - e)h k k = g aa d a (V a {8{t) - e)h kk ) - g aa f l a (%(S(t) - e)h kk ) 

-2g aa T k ak (V 1 (5(t)~£)h kk ) 

and 

g aa V a V a ((S(t) - £)h) kk = g aa d a (V a (5(t) - e)h kk ) - g aa tl a {V \(S(t) - e)h kk ) 

-2g aa f k ak {i/ a {5{t)-e)h kk ), 

the B kk can be expressed as 

(ff QQ V Q V Q - g aa V a V a ){5{t) - e)h(x) kk 
= (g aa - g aa )d a (V a ((S(t) - e)h) kk ) - g aa d a (W a - V a )((6(t) - e)h) kk 

_ {g aa _ g<*<*)tl a (^((6(t) - e)h) kk )~ g aa {t \ a - tl a ) (<7 , (S (t) - s)h) kk 

-2(r - g aa )r k ak (V a ((5(t) e)h) kk ) - 2g aa (t k ak - t k ak )(V a (5(t) e)h) kk 

+ g aa tl a {V 1 V 1 )(5(t)-e)h kk 
+ 2g aa T k k (V a V 1 )(5(t)-e)h kk 
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= (il aa - .g aQ )ViVi((<5(t) - e)h) kk + g aa V a (V a - V a )((6(t) - e)h) kk 

- 9 aa (n a - r2a)(V 7 (<5(t) - e)h) kk 2g<*<*(t k ak - t k ak )(V a (6(t) e)h) kk 
Therefore we prove 

\B kk \ e <C(e6(t)+s 2 )(\h\ e + \Vh\ e ) 
by using inequalities (4.4), (4.5) and (4.6). We get our estimate after integration. 

Next, we estimate C kk = (A kk — 2(6(t) — e)R % k k hu). First, we consider A kk . 
When k ^ 1, we have 

A kk = -2g tl g kk g kk R lklk _ 

= 2(g u - g tl )g kk g kk R lktk - 2g kk g kk R_ kk 
(5.6) = 2g u g u (w H + 6(t)h u - eh ll )g kk g kk R iklk - 2g kk g kk R kk _ 

= 2g u g u { Wll + S(t)hu - eh u )(w_ kk + S(t)h kk - eh kk )g kk R ikik 
+ 2g u g il ( Wll + 5(t)hii - eh u )R mk - 2g kk g kk R kk . 

Here we have 

2g ii g ii (w ii + S(t)hu - eh u )(w kk + S(t)h kk - eh kk )g kk R lklk ] 
= J2( bUw u w kk + c u kk w u ) + (dS 2 (t) + eeS(t) + ,fe 2 ) kk 

i 

for some b bounded, c = 0(6) and d, e, / in L°°([to,To + T]; L 2 (M)). So we have 
Cfcfc ^J2^ WuWkk + cU kk w u) + (d6 2 (t) + es6(t) + fe 2 ) kk 

i 

+ 2g u g u (w u + 6(t)hu - eh u )R lklk - 2(6(t) - e)R l k l k h u - 2g kk g kk R kk . 

Therefore, we have to estimate the following terms: 

2g ii g ii (w ii + 6(t)h u - eh tl )R lktk - 2R\\(6(t) - e)h u - 2g kk g kk R kk . 

First of all, we have g"g"wuRi k i k — R l k k wu + c %l kk wu for some c = 0(6). Sec- 
ondly, since we have 

2g u g u R ikik (6(t) - e)h u - 2R\\(6(t) - e)h u 

=2(g H R lk \(6(t) - s)hu - g u R lk \(6(t) - e)h u ) 

=2(g"R lk \(6(t) - s)h u - g u R lk \(6(t) - s)h u ) + 2g ii (R ik i k - R lk \)(5(i) e)h u 

=2(g u - g u )R tk \(6(t) e)h u + 2g u (R lk \ - R lk \)(6(t) - e)h u 

=2g ii g ii (w ii + (6(t) - e^Rj k (6(t) - e)h u + 2g u (R lk \ - R ik \)(6(t) - e)h u 

and \R ikk - R ikk \ < Ce, we have 

2g u g i \w ii +6(t)h ii -sh ii )R ikik -2R i k \(6(t)-s)h ii = £ c u kk w u +(d6 2 (t)+ee6(t)+fe 2 ) kk 

i 

for some c = 0(6) and d, e, / in L°°([t , + T]; L 2 (M)). Finally we consider the 
term 2g kk g kk R kk . Since R kk = (Ricci flat), we have \R kk \ < \R kk - R kk \ < e. So 
we can easily get the estimate of this term: 

2g kk g kk R kk = cw kk + ef kk . 
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for some c = 0(6) and / e L°°([to, T + T];L 2 (M)). Therefore we can write C kk 
as following 

C kk = 2R l k l k w H + ^(V'wuWkk + c" kk w lt ) + (dS 2 (t) + ee8{t) + fe 2 + fe) kk 

i 

for some 6 bounded, c = 0(5) and d, e, /, / in L°°([t , t + T]; L 2 (M)). 
For k = 1, we will have an extra term 

^V((VitUH + Vi5/iii)(Vii«ii + Vi^„)) 
which can be expressed as 

^((B"V lW „) 2 + c" {Viwu) + (<^ 2 (i))ii 

with b bounded, c = 0(5) and d in L°°([to, *o + T];L 2 (M)). We finish the estimate 
of C kk here. 

Finally, Xeh kk is bounded by (e/)^ for some / € L°°([t ,io + T];L 2 (M)). 

We can summarize that w — (w k k)k=o,i,2,3 will satisfy a system of parabolic 
equations 

(5.7) ^-w = E(w)+F- 

with to = on Mx {t } and dM x [t ,t +T], where F = dS 2 (t) + eeS(t) + fe 2 + fe 
and 

E(w kk ) = g aa V a V a w kk + 2R\ l k w u 

+ 4i((&"Viw (i ) 2 + c" iViiOH) + ^ b u wuw kk + c ll kk w lt 

i 

(Ski is the Kronecker's delta). 

Because T < nhn{Ti,T 2 }, this implies Wkk, Vt^t are bounded. So w can be 
regarded as a solution of linear equations 

(5.8) JU = Lv + F 
where 

L Wfe = ff^VaVaWfc+JfciC^'j^lWliViWl+e" 1 V lVi )+^(&"^)« fc + C^^ + 2i?\ 4 

and \\F\\ { 2 ] < C(e + eS(t) + 5(t) 2 + e 2 ). Therefore, by lemma 5.9, we can apply the 
energy estimate of linear parabolic equation from [6] on M. We will have 

(lkll 2 £) + llv w || 2 £) )W + ll^||&V 0it0+T];L2(M)) 

< C o(\\F\\L2 {[t0tto+T] . L 2 (M)) + lkll^i (M) (*o)) 

< C T5 ( e + s6(t +T) + S(t + T) 2 + e 2 ) 
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for all t e [to, t a + T]. So 

(|HI 2 £) + l|V W || 2 £) )(i) < C T^ e - AT ( £ + e J(i ) + <5(t ) 2 + e 2 ) 

< C Tie- xT (e + eS(t) + 5{tf + e 2 ). 

for all t € [io>*o + Because || • ||(°) and || • ||( e ' are equivalent, we have completed 
the proof. □ 

Remark 5.13. Here we notice that ef kk — 2R kk — \eh kk = {-§%R kk {g + £/i)U=o — 
A/ifcfc)e 2 + 0(e 2 ). In section 3, we already know that 
d 

0$ R kk(g + 8h)\ s= o = -(A L h)kk - V k V k H - 2V k ((h) k 

for all k. However, since g and h are radially symmetric and diagonal, we have 
VfeVfeH + 2Vfe(C/»)fe = for all k £ 1. This means that ef kk = 0{e 2 ) for k ^ 1. 

We have the following corollary immediately. 

Corollary 5.14. There are universal constants T > 0, Co > and i such that if 
we fix e < l and T <T, then 



\w 



^\t),\\Vw\\ { °\t)<C TH(t) 



12 



for e is small enough and all t £ [to, to + T\. 

We can improve the regularity and get the following estimate. 
Theorem 5.15. Let w be defined as above. We have 

(5.9) \w\o(t), |Vw| (t), |VVtu| (t) and |V (3) w| (t) < CS(t) 

for all x € M, t € [to, to + T], T < T and a universal constant C . 

Proof. Because || • ||(°) and || • || ^ are equivalent, we can just prove these inequalities 
using the e-norm. To get the improved regularity, we notice that \h\, |V/i| € 
L 2 (M) n L°°(M). The energy estimate tells us that 

(5.10) IKII&V^+t];^)) < Co{e + eS(t + T) + S(t Q + T) 2 + e 2 ) 

which implies dtd, dte, dtf and dtf are in L 2 ([to,to + T];M). Therefore we have 
F e H 1 ([t ,t + T];L 2 (Mj). To get the improved regularity, we consider the 
equation for w t by differentiate equation (5.5) with respect to t on the both sides. 
We will have a parabolic equation of the form 

(5.11) _ Wt = L i( Wt ) +K + Ft 

where \K\ £ < 0(S)(\ VVw| e + 1 Vw| e + |io| e ). By lemma 5.9, we can apply the energy 
estimate 

(IKII 2 e) + IIVHI^X*) < c (\\K + F4$ ([toito+nLa(M)) + |MlS(M)('°)) 

which implies that Wt and Vwj are also in L 2 (M). By equation (5.5) and proposi- 
tion 4.2, the sup norms of w, Vw and u>t are bounded. Thus we have proved that 
the asserted bound for the sup norm of the boundedness of sup norm of VVw. 

To estimate V^ 3 >w, we should prove that V«j t is bounded first. We consider 
the equation -§^w t = L'{w t ) + F t again. We use the first derivative estimate in [2] 
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(Theorem 6.1 in VII) to get the sup norm of Vwt- We use this bound to bound 
|V^ 3 ^w| from the equation d t Vw = VLw + VF and the bounds for w, Vw, VVw 
and Vw t . □ 

5.6. Inductive estimates. In this subsection, we will prove a lemma which is 
essential in our proof of the long-time existence. 

Lemma 5.16. Let i be the constant given by theorem 5.12. There exist universal 
constants Mi, M 2 , M3, M4, T > and N < such that if w is the solution of 
equation (5.8) defined on M x [to, N] with e < 1 and 

1. w satisfies 

\\w\\i s \t) < M^t), 

(5.12) l|VH| 2 £) (i) <M 2 S(t), 

\\w t \\i e) (t)<M 3 5(t), 
\\Vw t \\ ( i\t) < M 4 5(t), 

for all t e [to, t + (k- 1)T] and 

2. to + kT < N, 

then the inequalities (5.12) hold for t € [to,to + kT}. 
Proof. By equation (5.8), w satisfies 
d 

(5.13) — w kk = g aa V a V a w kk + 2R l k l k w u 

+ 5 kl {{b kk V lWkk ) 2 + c u 1 W 1 w ll ) 
+ ^2 b tI w lt w kk + c l \ k w li 

i 

+ d kk 5 2 (t) + e kk eS(t) + f kk e 2 + f kk e 

with b bounded, c = 0{8), c = 0{5) and d, e, f, / in L°°([t , to + (k - 1)T]; L 2 (M)) 
for all te[t ,t + (k- 1)T]. 

Now let T be the constant given by theorem 5.12. We fix the constants Mi, M2, 
M 3 , M 4 , T <T and N < min i= i )2 ,3,4{3x iogl^ 1 )} which wil1 be specified later. 
This implies that M t S{t) < 1 for all i = 1, 2, 3, 4 and te[t Q ,N}. 

In what follows, C denotes a constant that depends only on Mi, M 2 and M 3 ; 
its precise value can be assumed to increase between each successive appearance. 
Similarly D denotes a constant that depending only on Mi, M 2 , M 3 and M 4 . 

First of all, by (5.12) and MiS(t) < 1 for all t€[t ,t + {k- l)T], we can find a 
universal constant V such that 

IM|| 2 £) (*),l|e|| 2 £) (t),||/|| 2 £) (t),||/|| 2 £) (i), 
(5-14) \\d t \\i £ \t), \\e t \\¥(t), \\f t \\i £) (t), \\f t \\i £) (t) < V 

for allie [t ,t + (k- 1)T]. 
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Secondly, by (5.12) and proposition 4.2, we have 

(5.15) sup \W {n) w\ £ (x,t) < CS(t) 

for all t € [to, to+(k— 1)T], < n < 3 and a constant C depending on Mi, • • • , M n+ i. 
Using (5.15) and the fact that c = 0(5), c = 0(5), we have 

(5.16) \\S kl (b kk (V lWkk ) 2 + c?\V lWii ) + b U WiiW kk + c u kk wu\\ ( 2 \t) < C5 2 (t) 

i 

for all i € [to,to + (k — 1)T]. Therefore we have 

/ (iw,w)< f (g aa V a V a w,w) +2 f (R\\wu,w kk ) 
JM ot JM Jm 

+ CS 2 (t)\\w\\i E) 

+ / (d kk 8 2 (t) + e kk e5(t) + f kk e 2 + f kk e,w) 

JM 

< f (g aa V a V a w,w}+2 [ (R l k \w u ,w kk ) 

JM JM 

+ CS 3 (t) + SMiVS 3 ^) + MiVe5(t) 

Recall that g — g = w + (S(t) — e)h. Because 

g aa V a V a w kk = V a {g aa V a w kk ) - {V a g aa )V a w kk 

= V a {g aa V a w kk ) - (V a (g aa - g aa ))V a w kk , 

by (5.12), we do the integration by parts to get 

(5.17) f (g aa V a V a w, w) < - ( \Vw\ 2 + C5 3 (t). 
Jm Jm 

We also have 

2 I (R i k i k w ii ,w kk )<2 [ R mk w lt w kk +0(e)CS 2 (t) 
Jm Jm 

■J 

by remark 4.12. 



<2 / R mk w u w kk +C5 3 (t) 

M 



Now we recall the definition of a and A in section 3.2. We can conclude that 

-S(IMI 2 £) ) 2 < -( / I^H 2 - 2R mk w llWkk ) + CS 3 (t) + -ZMiV5 3 {t) + M!VeS{t)) 
ot J M 

< -2a(w) + CS 3 (t) + 3MiU5 3 (t) + MiVe5(t)) 

< -2A(|HI 2 e) ) 2 + CS 3 (t) + 3MiU5 3 (t) + MiVe*(t)) 

< -2A(|H|< £) ) 2 + (C + ZM 1 V)5 3 {t) + MiVe$(t)) 
for alUe [t ,t Q + (k-l)T]. 
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For t G [to + (k — 1)T, to + kT], by using the energy estimate on equation (5.7), 
we have 

(5.18) 

IMI 2 £) (t) + ||V«;||«(t) < Co(||F||g ([to+(fe _ 1)Tto+fcT];i2(M)) + |Ml£(io + (k 1)T)) 
< (4CoVr^ + C (Mi + M 2 ))<S(i) 

where Co is the constant given by theorem 5.12. So if we replace (5.12) by (5.18), 
we will have the estimate 

|(IHI 2 £) ) 2 <-2A(|HI 2 £) ) 2 

+ (C + 3(4Co^ + C (M 1 + M 2 ))V)8 3 (t) + M{Ve5{t) 

for all te[t + (k- 1)T, t + kT}. 

Therefore, if we choose M x = -2W , A = C + 2M{V + Z{ACoVT^ + C (M 1 + 
M 2 ))y, we will have 

|(|H| 2 £) ) 2 < -2A(|H| 2 £) ) 2 + A5\t) ±M 2 s6(t) 
for all t € [to,to + kT}. Now by Grownwall's inequality, we have 

(IHI 2 £) ) 2 < e- 2Xt ( f ^ AS 3 ( S )e 2Xs ds + f~*° ~M 2 e5( S )e 2Xs ds) 



o 



<±A#(t) + ±M?P{t) 



for all t e [t , to + fcT]. So 

(||HI 2 £) ) 2 < M?6 2 (t) 



for all t e [t a ,t + kT] provided t + kT < J-log(-j^). We use iVi in what 
follows to denote jj log ^^T 1 )■ 



Next, we define M 2 . By multiplying both sides of (5.13) by w t then integrating 
both sides, it follows from Cauchy's inequality that 

(\\w t \\i £) ) 2 (t)= f (w t ,w t )< I {g aa V a V aWl w t )+ f 2R lkik w lt (w t ) kk 

JM JM JM 



+ CM 2 SHt)+ 1 -(\\w t g ) ) 2 (t) 

+ 4(||d||^ 2 (t) + \\e\\?eS(t) + WfW^e 2 + ||/||< c > e ) 2 . 
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for t € [to, to + (k — l)T]. Using integration by parts and then integrating from 
t = to to t = (k — 1)T, we have 

^(ll^llS([*o,*o + ( fc -l)T] ; L 2 (M))) 2 < - (HV^|| 2 £) ) 2 (t0 + (k- 1)T) 



+ / W klk Wll w kk {t + (k-l)T) 

J M 

/•t + (fc-l)T 

+ / CM 2 5 4 (s)ds 

/■t +(fc-l)T 

+ / 4(||d||( £) ( 5 2 ( s ) + \\e\\ { 2 e) e6( S ) + \\fWfe 2 + \\f\\ ( 2 e) efds. 

J to 



So 



(5-19) (IKII^dto^fc-Dri^^))) 2 + 2(||VH| 2 £) ) 2 (to + (fc " 

<4M 2 <5 2 (t + (k- 1)T) + (7<5 3 (t + (fc - 1)T) + |A|" V 2 <5 2 (t + (k - 1)T). 



For (e [f + (fc - l)T,i + if we replace (5.12) by (5.18) and follow the 
computation to derive (5.19), we will have 

(\\ W t\\L2([to + (k-l)T,t];L 2 (M)) 

) 2 + 2(||W,|| 2 e) ) 2 W 
<2(||VH| 2 e) ) 2 (t + ( fc - !) T ) + / C6 2 (s)ds 

Jt a + (k-l)T 

<2(||VHI 2 e) ) 2 (io + (k - 1)T) + CTS 2 (t) 

for all ie [t + (k - 1)T, t + kT] and some C depending on M x and M 2 . By (5.19), 
we have 

2 (IKIliV,t];^(M))) 2 + (l|V^I| 2 £) ) 2 W < 4M 2 5 2 (t) + CS 3 (t) + |A|" W(t) 

+ CT<5 2 (t) 

for all t e [t + (k - 1)T, t + kT]. 

Now we choose M 2 = max{2|A|~^ V, 8Mi}. Then we have 

2 (IIHliV^(M))) 2 + (HVH| 2 £) ) 2 (t) < Mi5 2 (t) 

for all t e [to, to + ^T 1 ] provided T < H and t + fcT < ^ log(|§). We use Ti 
and iV 2 in what follows to denote ^ and ^ log(^j) respectively. 

We still need to define M 3 and M 4 . We consider the equation of w t which can 
be written as 

g- t (w t )kk = 9 aa V Q V Q (w t ) kk + 2R^ k (w t ) u 

+ 2S lk ((g ll ) 2 V 1 w u V 1 (w t ) ll + tf^ViKJw) 
+ 0(<5)K) fefe +^ + F t 
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where_\\K\\ ( 2 E) (t) < CS 2 (t) for all i G [t ,t + (fc - 1)T] and ||F t ||£° < F<5 2 (i) + 
with 1/ = (1 - 2A)V. We can get 

^(IK||£°) 2 < -2A(|| U ; t ||( £) ) 2 + (C + 3M 3 t/)<5 3 (t) + M 3 VeJ(t) 

for allie [i ,t + (fc-l)T]. 

For is [to + (fc — to + using the energy estimate again 

(5.20) H||£°(t) + ||V^||^(i) < (4C T/T^ + C (M 3 + M 4 ))J(t), 
we have 

|(KI| 2 £) ) 2 <-2A(K|| 2 £) ) 2 

+ (C + 3(4C VT* + C (M 3 + M 4 ))V)6 3 (t) + M 3 VeS{t). 

Therefore if we set M 3 = -2XV and B = C + 3M 3 V + 3(4C a VT^ + C (M 3 + 
M&))V , then we can use Grownwall's inequality to get 

(IKII^) 2 < Mis 2 (t) 

for all is [i ,i + fc^l provided t + kT < J-log(^j^). We use 7V 3 in what 
follows to denote log( ~^ 3 ). 

Finally, we consider the integration 

(IKIl£°) 2 (*) = / (mt,w tt )< [ (g aa V a V a w t ,w tt ) + f 2R ikik (w t ) ii (w tt )kk 
Jm Jm Jm 

+ CM^(t)+ l -(\\w t \\¥f(t) 
+ 4(||fi||£°) 2 (t). 

for t e [to,*o + (fc — 1)7"]. By using the integration by parts and then integrating 
from t = to to t = (k — 1)T we get 

^(ll^tll^Ito.to+^-DTl^CM))) 2 < - (l|V^|| 2 e) ) 2 (to + (fc - 1)T) + (||V«; t || 2 £) ) 2 (io) 

+ / R lktk w u w kk (t + (k - 1)T) 

/■t +(fc-l)T 

+ / CM 41 5 4 (s)ds 

J to 

+ W 2 5 3 (t Q + (k- 1)T) + lAl" 1 ? 2 ^^ + (fc - 1)T). 

So we have 

(5.21) (||^||g ([to , 4o+(fc _ 1)T];L2(M)) ) 2 + (\\Vw t \\¥f(t Q + (k- 1)T) 
<4M 2 <5 2 (t + (k- 1)T) + D5 3 (t + (k- 1)T) + lAl" 1 ? 2 ^^ + (fc - 1)T). 

for allie [i ,io + (fc-l)T]. 
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For t £ [t a + (k- l)T,t + kT], if we replace (5.12) by (5.20) and follow the 
computation to derive (5.21), we have 

(IKIliV+(fc-i)T, t ];^(M))) 2 + 2(||V Wt ||( £) ) 2 W 

rt 

<2(\\Vw t \\ ( 2 e) ) 2 (t + (k - 1)T) + / DS 2 (s)ds 

Jt +(k-l)T 

<2(\\Vw t \\ ( 2 £) ) 2 (t + (k- 1)T) + DT5 2 (t) 

for all i £ [to + (k — 1)T, to + and some D depending only on M 3 and M 4 . By 

(5.21) , we have 

2 (IKII$([to,t];lW 2 + (H^H2 e) ) 2 (*) < 4M 3^ 2 W + ^(*) + |A|" W(t) 

+ £>T<5 2 (t). 

Now we choose M4 = max{2|A|~3t/, 8M3}, then we have 

2(IKIlg ( fo.t];jW 2 + (H^ll2 £) ) 2 (*) < M ^ 2 W 
for all f e [t , to + fcT] provided T < ji and t + fcT < ^ log ^k. We use T 2 and 
N4 in what follows to denote ^ and log |^ respectively. 

We set T := min{Ti, T 2 } and N be any constant smaller than min{A?i, N2, N 3 , N4} 
and min i= i i2 , 3 ,4{^A ^(^r 1 )}- 

Therefore we have completed our proof. □ 

Remark 5.17. For the sup norm estimate of |V^ 3 ^w|, we can follow the first deriv- 
ative estimate in [2] again. Therefore the inequality (5.9) can be extended if our 
solution is solvable on each [to + (k — 1)T, to + kT] for all k < ^(N — to). 

5.7. Long-time existence. Here is the trick we use to prove the long-time exis- 
tence: first we have the short time existence of our solution on [to, to + T]. We 
apply lemma 5.16 and proposition 4.13 inductively on [to + kT, to + (k + l)T]. Then 
we use the argument of short-time existence to extend our solution. 

Theorem 5.18. Let 1 he the constant given by theorem 5.12. There exists a uni- 
versal N > such that for any e < 1, the Ricci-de Turck equation 

(5.22) ^ 9ij = -2RH + ViVf > + VjV^ 
g(x,0) = (go + eh) 

with V} £) = 9l k9 pl {T k pl - r^ (£) ) is solvable for t £ [t ,N] where t := -± log(e). 

Proof. Since we can write g = go + S(t)h + w with w satisfies equation (5.2), we 
only need to prove w exists for t £ [t ,N]. 

By proposition 4.13, if we set fco = 3\Rm(go)\, we can apply theorem 5.15 and 
remark 4.12 to obtain 

\Rm(g)\ < \Rm(g )\ + \Rm(g + 5{t)h) - Rm(g Q )\ + \Rm(g) - Rm(g + 6(t)h)\ 
< \Rm(g )\+C5(t) 
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.9 \ L ji L jt )■> 



for some constant C . This implies that we can define A := min{^ log(iV), iife^lpU | ; 
such that 

\Rm(g)\ < ifc 

provided 5(t) < A. 

Let T be the constant given by lemma 5.16. By theorem 4.8, if we have 

to + T < -L \og(A) := N, 
we can solve the Ricci flow g satisfies 

g = -2Ric(g); 
9(h) = g(h). 

on (x, t) G M x [ti, ti +T] with ii := t +T. Now we can extend the Ricci-de Turck 
flow on [ti,ti + T], too. Here we need to be careful: the Ricci-de Turck flow we 
want to extend is the one starts from to, not the Ricci-de Turck flow starts from 
t\. So our diffcomorphism will be 

dx a _ dx a 

x a (yM) = V a 

which is solvable on the same interval of short time existence of the Ricci flow (Here 
we need the boundedness of \g\ and \Vg\, which have been proved in [1]). This im- 
plies that we can extend the Ricci-de Turck flow for a period of time T. By lemma 
5.16, we can prove inductively that g is solvable on [to + (k — 1)T, to + kT] for all 
k < ^(N -t ). 

Hence, we have proved the long time existence theorem. □ 

Corollary 5.19. Let t be the constant given by theorem 5.12 and N be the constant 
given by theorem 5.18. There is an universal constant C > such that if w is the 
solution of equation (5.6) with e < i, then 

(5.23) \\w\\^(t),\\Ww\\^(t)<CS(t); 

(5.24) \w\o(t), |Vw| (i), |VVu;|o(t) and |V (3) w| (i) < C5(t) 
for all t€[t ,N]. 

Recall our definition of estimate cones. We have 

Corollary 5.20. Let i be the constant given by theorem 5.12 and N be the constant 
given by theorem 5.18. There is an universal constant M > such that if g is the 
solution of equation (5.22) with e < i, then g e Ch,M(go)- 

Proof. By corollary 5.19, we can choose this cone with its opening depending on 
C. □ 

6. Existence of Ancient Solutions 

Finally, we can prove the existence of the ancient solution. We start with finding 
the ancient solution of the Ricci-de Turck flow. Then we prove the existence of the 
de Turck diffeomorphisms. 
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6.1. Existence of ancient Ricci-de Turck flow. 

Theorem 6.1. Let (M,g) be the Euclidean Schwarzschild manifold. Then there 
exists a constant N > such that the Ricci-de Turck equation 
d 

■^9ij{x,t) = -2R tJ (x,t) + ViVj + VjVi x G M; 
gij(x,t) — > g(x) uniformly as t — > — oo 
has a solution on (—oo,N], where Vi := gikg pl (^pi — Ipj). 

Proof. Let {e„} be a decreasing sequence which tends to 0. For each n e N, we 
have a corresponding solution g( £ ") which satisfies 

^g ij = -2R ij + V i v} e « ) +V j V? e « ) 

ff(*n) = (.90 + £r»ft); *n = = 



-A 



where ^= ftfc ^(r*-r*^). 



We can rewrite the equation J^ij = — 2i?y + V»V^ £n ^ + VjV^ £n ^ as 

9 - - - - 

= V a g aa V a gi3 + Bij(Vg,g)Vgij + Cij(Vg,g). 

for some smooth functions Pjj and Cy. Therefore we can regarded </ e ") as a 
solution of 

§- t 9ij = ^aig^Y^agij + BijiVg^Kg^Vgij + CijiVg^Kg^ 

5(*n) = (.90 +£ n h)- 1 t n := _^ . 

Now we choose a sequence of compact subset Dj C M with UigN-Di = M. 
We then have a sequence of subsets in the space-time {Pi := Di x (U,N] C 
M x (— oo,7V]|« e N}. By corollary 4.4 and corollary 5.19, we can find a subse- 
quence {g^™ 1 ^} such that g( En and V</ £n ^ converge uniformly on Pi. By standard 
diagonal process, we have a subsequence, say {g^ En ^} again, such that g( £n and 
converge uniformly on Pj for each i€ N. 

Letg^i' -> as;->oo. Therefore B^V g {en i ] , g^ n 0) and C^V^^, g (en i ) ) 
will converge uniformly to Py (V<jr(°°) , g^ 00 ) ) and Cij(Vg(°°\ g(°°^) respectively on 
Pi for each i EN. 

Moreover, by corollary 5.20, all </ e ") belong to the estimate cone Ch,M{go)- 
Combining with inequality (5.24), we have that g^"^ 1 are bounded L 2 (Pi). There- 
fore we will have a convergent subsequence converge weakly in Pi. By standard 
diagonal process, we will get a subsequence 

g {e ^^g {oo \ 

on Pfe for all k. By the definition of weak limit, we conclude that </°°) is a weak 
solution of equation 

^9ii = V Q ( 5 (oo) ) QQ V Q3y - +B ij (V fl (~W°°))V ffij +Q,(V 5 ( 00 \. 9 (° >). 
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By the regularity theorem of parabolic PDE's, it is an ancient Ricci-de Turck flow, 
too. 

Finally, we should prove the this solution is not a trivial, i.e. g ^ g. 

We write g( £ ™) = g + 5{t)h + w^ En \ Using remark 5.13, will satisfy a 

equation of the form §^w^^ = L(w k e k n ^) + 0{5 2 ) with some elliptic operator L and 
for all t G [t n , N] and k ^ 1. We change the coordinate by taking s as defined by 
(5.4). Then L will be uniformly parabolic. In this case, we can fix this coordinate 
and applying the energy estimate of single equation to get 

\4t } \<Cg kk S 2 (t) 

for all t e [t n , N] and k ^ 1. So we have g kk + Sh kk + w k e k n) = g kk + 5h kk + 0{5 2 ) 
for all k ^ 1 which is not equal to g kk for all t. 

Therefore we have completed this proof. □ 

6.2. Solvablity of de Turck diffeomorphisms. Finally, we need to show that 
the 1st order PDE of the de Turck deffcomorphism can be solve. Recall that in 
section 3, we define the following PDE 

dt ~ dx k9 [L > 1 

y a (x, — oo ) = x a 

Since our metric is radially symmetric, our equation can be reduced to a single 
equation 

dt dx l!J { " n> 
y 1 {x, — oo) = x 1 

If we change our variable by defining 6(t) to be e _At , we will have a new equation 

t dy 1 dy 1 

y\x,0)=x 1 , 

or we can say 

(6i) ^ = [ J_^ (r i.-r 1 .)l^ 

[ ' OS l -X5 9 [ " " n dx x 



(6.2) y 1 (x,0)=x 1 . 

Now, by corollary 4.4 and corollary 5.19, we have \^9" \ an d its deriva- 

tive are uniformly bounded on 5 E (0, e~ XN ]. Therefore by standard first order PDE 
theory, we can find the characteristic curves and solve this equation of 5 € [0, e~ XN ] . 

Therefore, we finish our argument and prove theorem 1.1. 

7. Appendix 

Here we follow the notations of section 5.4 and prove lemma 5.9 
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7.1. Higher derivative estimates. Here we prove the higher derivative estimates 
of g. This estimate is essential for the proof of lemma 5.9. 

Let g be the solution of the Ricci-de Turck equation 

(7.1) ^- t 9ij(x,t) = -2R ij (x,t) + V i V j +V j V i for all (x,t) e M x [0,T]; 

gij(x, 0) = g(x) for all x e M 

with |i?m(g)| < fco for some T > 0. By using de Turck method, we can find a family 
of diffeomorphisms ip t : M — > M such that <? = (y^ 1 )*^) is a solution of Ricci flow 
equation. 

In [1], Shi proved the following higher derivative estimate: for any m e N, there 
exist constants C m depending on m and ko such that 

(7.2) \V^Rm(g)\ < 
In fact, Shi proved the following local estimate: 

Lemma 7.1. Let g be a Ricci flow defined on M x [0,T] for some T > 0. There 
exist constants 9 and C\, ! £ N depending only on the dimension of M such that if 

Q 

\Rm\ <K on B r {p) x [0, — ] 

for some K > y where B r {p) is the geodesic ball centered at p with radius r with 
respect to the metric at t = 0, then we have 

(7.3) ^iRm^t^KQK^^ + ^+K 1 ) 

for allien and (p,t) x [0, -f ]. 

Reader can see theorem 1.4.2 in [12] for the proof of this lemma. 

Base on this lemma, we can prove the following proposition for the Ricci-de 
Turck flow g. 

Proposition 7.2. Let g be the Ricci-de Turck flow given by theorem 4.9. Then 
for any m € N, there exists a constant C m depending on m, T and k such that 

sup |vM 5 |(:M)<-iV 

xeM t 2 

for all t e [0,T]. 

Proof. First of all, we define the tensor = I^-f ^ = \g k[ {V 'igji+V 'jgu — Vigij). 
So we have 

|A|<2| 5 - 1 ||V ff |. 
By theorem 5.4, we have is bounded. So we have 

fc+i 

(7.4) |V (fc) A| < C^|V W 5 ||V (fc ^ +1) .g| for all k e N 

1=0 

and a combinatorial constant C depending on k. 
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Secondly, by (7.2), since |V< m ) Rm(g)\ < C m t~^, we have 

(7.5) V>t(\V (m) Rm(g)\) = \V (m) Rm\ < 

t 2 

In what follows, N\ and I\ denote constants that depending only on T and 
Kq. Inductively, for any p e N, N p denotes a constant that depending only on 
Ni, ■ ■ ■ , N p -i, Ji, • • • , Ip-i, p, T, ko and I p denotes a constant that depending only 
on JVi, • • • ,N p ,p,T and fco; their precise values can be assumed to increase between 
each successive appearance. 

Now we prove the result inductively. We claim that 

(7.6) |V (p V| < ^ and |V (p+1) 5 | < for all peN. 

We start with the case p = 1. By theorem 5.5, we have \Vg\ and \-§^g\ are 
bounded. Since g is radially symmetric, we have |VV<?| is bounded. Meanwhile, 
because Vi = gik9 pl ^pi, we have 

|W| = |(V + A)V\ < C(\A\ 2 + |VV 5 | + |V ff | 2 ) 
which is bounded. So the p = 1 case is ture. 

Suppose inequality (7.6) is true for p < k. We consider the evolution equation 
of V, which can be written as 

d 

—V = AV + g~ 2 *Rm*V + g~ x *Ric*V 

+ g^ 1 * W * V + g^ 1 * Vg * Ric * g + g~ x Vg * VV * g 
where * is the product of tensors. Now by Cauchy's inequality, we have 

^|V (fc V| < A|V (fe V| 2 - |V (fc+1 V| 

k 

(7.7) + C J2( X! |V (ll) 5 ||V fe) 5 |---|V (il) ffic|) 2 

1=0 ix+12+...+ii^l 
k 

+ C(Y j \V^V\ 2 + W {k+1) g\ 2 ). 

3=0 

Since V = V + A, we have 

|V (p) . 9 |<C* |V (jl) A||V (j2) A|---|V ( ^- l) A||V W ff|. 

ji + ...+j p -i+l=p;l>l 

for all p < k + 1. Now by (7.4) and the induction hypothesis, we have 

\vv,- 1 ) A \< Njp _ i+1 _L.. 

t 2 

So we have 

for all p < k and |V( fc+1 ^| < N k+1 
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Now we use (7.5) and the induction hypothesis, equation (7.7) will become 
(7.8) ^|v( fc V| 2 < A|V< fe V| 2 - |V< fc+1 V| + 

Here we follow the technique in the proof of Shi's derivative estimate in [12]. If 
we define 

w k = [M fc i + |v( fc V| 2 ]|v( fc+1 V| 2 

for some Mk large enough (depending on Nk+i), by (7.8) and the Cauchy inequality, 
we have 

B W 2 

-W k < AW k + cm^u- + CMtt^ 

for some universal constant C. Let F k — bW k t k . By the Cauchy inequality, we 
have 

^F k < AF k -t k F 2 +r^ 

by taking b small enough. 

Now we use the barrier function constructed in theorem 1.4.2. in [12]. In [12], 
Zhu and Cao prove that for any k e N, x G M there exists a function H k defined 
on B\{x) x [0,T] which satisfies 

1. H k increases to +oo on (dBi(x) x [0,T]) U B x {x) x {0}, 

2. H k < a fc (t~( fe+1 ) + f3 k ) on Bi(x) x [0,T] for some constants a k , Pk, 
3. 

^H k >AH k -u- k Hl + u k + 2 

where u := r~ 2 + i -1 . 
Since u > t , we have 

^F k <AF k -u- k F 2 +u k + 2 
By the maximum principle, we have 

F k < H k 

on Bi(x) x [0, T] which implies 

|V( fc+1 V| 2 (:M) < b-\Mk + N k )-H k [a k {t-^+P k )Y < 
We still need to prove that 

\V {k+2) 9\ < 

t 2 

By our equation, this estimate can be obtained by proving the inequality 

N k+ i 



(7.9) | - 2V (fe) i?ic + 2V (fc) W| < 



fc+i • 

t 2 
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Since we have 

\V {k) Ric\ < |(V- A) {k) Ric\ 
<C \V {h) A\\V (j2) A\ ■ ■\V {jk - l) A\\V (l) Ric\ 

ji+...+j k -i+l=k;l>l 

<C \V (jl) A\\V {j2) A\--\V {jk - l) A\\V w Ric\ 

jl + ...+3k-l+l<k;l>l 



t 2 



and 



|V«W| = |(V-A)WW| < 



i 2 

we get (7.9) immediately. □ 

7.2. Proof of lemma 5.9. We use the p-coordinate in what follows. We fix a 
t e (f o , t a + T ] and prove that 

(7.10) \W k v\(p)^Q 

as p — > 1. 

By proposition 7.2, we have |V fc w| are bounded for all /c. Here we prove (7.10) 
inductively. 

When fc = 1, we have 

2|V^| 2 = V 2 \v\ 2 ~2(V 2 v,v) 

Since \{V 2 v, v) \ < \V 2 v\\v\ which tends to zero by proposition 5.7 and boundcdness 
of |V 2 t>|, we should prove that V 2 M 2 (p) — > as p — > 1. Moreover, since |u| is 
radially symmetric, we only need to prove that V 2 |v| 2 = (;Jj;) 2 M 2 tends to zero as 
Hi' 

Recall that for all / e N, \v\ < C;(l — p) 1 for some C\. Therefore we have the 
difference equation 

Kf(i-2fe)-2H 2 (i-fr) + H 2 (i) d 2 2 
v = { d-p ] H (c) 

for some £ e (1 — 2/i, 1) by the mean value theorem. The left hand side 
, M 2 (l - 2h) 2\v\ 2 (l -h) + M 2 (l) , ^ c , (2fe) 4 + fe 4 ^ Q 



as h — > 0. So we can find a sequence {£n|£ — >• 1} such that 

|Vl a (W-o. 

Now, since |V fc w| is bounded for all k, we have iJ^M 2 ! is bounded by a con- 
stant, say A. For any e > 0, we can always find such that |£„ — 1| < and 
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M 2 (£n)l < §• Using the mean value theorem, we get for all p e (£„, 1] there 
exists r\ <s (£ n >p) such that 

\(§^)>\ 2 (p)\ < l(^) 2 M 2 (WI + K-^fMHvMn -p\ < e. 



So we have 4- \v\ 2 (p) — > as p — > 1. 



Suppose that we have |V'w|(p) — > as p — > 1 for all Z < k. We consider the 
following equality 



fc-i 



2Cf |V 4 fc+1 V | 2 = V k t +1 \v\ 2 -2j2cf k (V 2k - l v,V l v). 



1=0 



Since |(V 2fc l v, V z w)| < |V 2fc 'w||V'w| tends to zero as p -> 1, we only need to show 

(A)">|»(p)-K) 

as p — >• 1. Again, by using the difference equation, we can find a sequence — > 

1} such that 

(|) w N J (W->o. 

as n — > oo. Now using the mean value theorem and boundedness of {-§^) k+2 \v\ 2 we 
prove (7.10). 

By (7.10), we can extend \v\ 2 as a smooth function defined on [0,1]. Since 
\v\ 2 < Ci(l — p) 1 for all I e N, we can prove that for any I <G N, there exists a 
constant C[ such that \V {k) v\y/g < C[{1 - p) 1 . 
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